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Abstract

Let M*and N* be two free semigroups. We define external direct product of two free
semigroups as an ordered pair of words (w,u) € (M@®N)*such that w € M*and u € N*.We
investigate the presentations of external direct product of free semigroups, state and prove
under some conditions that the external direct product of two finitely generated free
semigroups is finitely generated, also the external direct product of two finitely presented free
semigroups is finitely presented.
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1: Introduction

In 1998, Robertson et. al., [10], discussed the direct products of semigroups and provided the
necessary and sufficient conditions for which the direct products of semigroups is finitely
generated and presented. It was showed in [7] that using graph theory the direct product of
two finitely generated (finitely presented) semigroups is also finitely generated (finitely
presented). In [16], graphs were used to represent direct product of two and three finitely
generated (finitely presented) semigroups. Further investigation by [15] proved that given a
finitely generated semigroup, M and its subsemigroup (say) S then, if M is finitely generated
and the subsemigroup S of M has a finite boundary in M, then S is finitely generated. Also, it
was showed that if M is finitely presented and S has a finite boundary in M, then S is finitely
presented. The presentations of semigroups and subsemigroups have extensively been
discussed by different researchers. For details see [3], [7], [9], [10] and [11]. More so,
different investigations have been independently and collectively carried out on the direct
products of semigroups, see also [4], [5], [6], [7] and [19]. In this paper, we investigate the
external direct products of free semigroups, state and prove the conditions for direct products
of free semigroup to be free. In section 2, we give basic definitions relevant to our paper and
prove in section 3 that the external direct product of free semigroups is finitely generated. In
section 4, we state some conditions for the external direct product of semigroups to be finitely
presented.

2. Preliminaries

In this section, we introduce the notations for the rest of the paper and give basic definition of
terms that will be helpful as we proceed. For the notations see [1], [4], [5] and [6]. Readers
are also encouraged to seek for detailed concepts explanations in the cited references.

Definition 2.1: A semigroup (S,*) consisting of a set S and an associative binary operations.
Examples 2.1: The integers, Z form a semigroup under two different operations: Addition,
(Z,4+) and Multiplication (Z,.)

Definition 2.2: An Alphabet is an abstract set of symbols.

IIARD —International Institute of Academic Research and Development Page 42



mailto:nwawuru@gamil.com
mailto:francis_nwawuru@uniport.edu.ng
mailto:otobongawasi@yahoo.com

International Journal of Applied Science and Mathematical Theory ISSN 2489-009X Vol. 4 No. 3 2018
www.llardpub.org

Note: Alphabet is denoted by A.
Example 2.2: A= {a,b,c,...}. The elements of the alphabet are called letter.

Definition 2.3: A word over A (the alphabet) is a string of letters (a, a, ... a,,) where each
of the a; is a member of A.

Example 2.3: {a,ab,...}. The word “a” is a one letter-word while the word “ab” is a two
letter word.

Remark 1: We denote the length of a word w by n or |w| while a word of length zero (0) is
called an empty sequence or an empty word. Also, the length of a word [w| = 0 if and only if
w = &. However, the set of words (including empty words) over A is denoted by M*, The set
of all nonempty words with at least length one (that is, it contains at least a one-letter word) is
denoted by M*. We quickly observed that M* c M*. The empty word is denoted by €. So
for a word (say) e, w € M*; w.e = e.w = w. This means that, € acts as an identity element.
Also for arbitrary w,,w, € M*, we note that |w,w, | = |w,| + |w,|.

A binary operation is defined on M* by concatenation, that is,

Given (a,a, ...a,,), (b;b,...b,) € M™ then,

Definition 2.4: Let A be alphabet and M*, the set of all finite, nonempty words over A. Then
M* is a free semigroup with respect to the operation defined in equation (1) above.

Definition 2.5: A free monoid is defined as a free semigroup adjoins with an empty word, «.
That is, M*= M* U {e}.

Example 2.5 (a): Let (P, +) be a semigroup of natural numbers under addition. (P, +) is a free
semigroup. Let T = {1} be the generating set for (P, +). Consider the map a:T — R (where R
is any semigroup) which can be extended to a:(N,+).— R defined by a(n) = a(1)".
Suppose we place a restriction on (N,+) then, & is a homomorphism since for n,m € N,
an+m) = a()H)™™ = a(D)"a(1)™ = a(n).a(m)

Example 2.5 (b): Let us consider (P, .) and we show that it is not free. Let T < P and define
S=(P,+) and let a:T— S defend by a(n) =n; Vvn €T. Consider the homomorphic
extension a:(P,.) —» (P,+) to be any homomorphism then @(n) = a(1.n) = a(1) + a@(n).
But a(n) =n= a(1) =0. Since the element “0” is not an element of S =(P,+).
Therefore, (P, .) is not free.

Definition 2.6: Let M* be a free semigroup and let A be its generating set. Then A is a
generating set for M™* if every word formed over A is made up of the products of the
elements of A which are the letters.

Example 2.6 (a): Let A = {a, b} be binary alphabet. Then M* = {a, b, ab, aab ...}. See that
all the word formed over A is made up the elements of A. Thus, A is a generator.

Suppose S is a semigroup generated by A, then there exist a homomorphism a: M* — S, that
is, for all w,,w, € M*, a(w,w,) = a(w,)a(w,)

Definition 2.7: Let M*be a free semigroup. Then M*is said to be finitely generated if the
generator is finite or if it has a finite generating set.
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Example 2.7: Let A = {a,b} binary alphabet and let {a,b,ab,aab ...} be set of words
formed from the binary alphabet. Then set of words over Ais finitely generated

Definition 2.8: Let S be a semigroup and let A € S. Then, g = q,q, ... q,is a factorization
over A on a condition that each q,, € A; n = {1, 2, ...,n}. Suppose A is the generating set for
S, then every element g € A has a factorization over A.

We note further that if every element of A has a unique factorization then S is a free
semigroup. Otherwise, it is not a free semigroup.

Theorem 2.1 [5]: Let S be a semigroup and X c S. Then S is freely generated if and only if

every x € S has a unique factorization over Xm

Lemma 2.1: Let M* and N* be two free semigroups. Then, the external direct products of

M* and N*, is a semigroup.

Proof: we show first that it is a semigroup. It suffices to show that for arbitrary words

(wy, wy), (ws, wy), (Ws, W) € (MON)*

(wy, W) [(w3, w,) (Ws, we )] = [(wy, w;) (W3, wy)] (s, we)

Since the binary operation defined on the free semigroup is by concatenation, we have that:
[(ws, wy) (Ws, We)] = (W1, wy) [(Wsws, wywi]

. = (Wwywg, w,w,wg) € (MBN)* — —— - — —— — — — — — — (D
Similarly, [(wy,w,) (W3, wy)] = [wyws, wow,](ws, w)
= (Wywyws, w,w,we) € (MBN)Y — —— — — — — — — — (2)

Hence, the two equations are equal, therefore (ME@N)*is a semigroup.

We prove further that it is a free semigroup. Suppose (w, w,..w,,), (v, v,..v,) €
(M@®N)™ then we defined a concatenation on (M@N)*

We obtain (w,w,,...w,,) (v, V) ... v,) = (WoWy, ... W Vg, Uy o V)

V1Yy V), (kiky k) € (M@N)™ then,

V1Y o Ym) (kiky k) = (V1Y o Yimkiky o ky)

We see that (W, w,, ...w,, U, Vp, e, V), (V1Yo o Yk ky o k) € (MBN)*

Therefore the external direct product of two free semigroup is a free semigroup.

Example 2.8: Let M* ={a,ba,..} and lt N* ={ccd,..}, then (M@ N)*=
{ac,bacd, ...}.

3 In this section, we state the necessary and sufficient conditions for the external direct
products of two free semigroups to be finitely generated.

Definition 3.1: Let M* be free semigroup. We say that M* is decomposable if there is a
word w € M*such that w = w, w, for some w,,w, € M*.

Note: The set of decomposable free semigroup is denoted by (M*)?2=M*M* =
fw,w,:w,w, € M*}

The set of indecomposable free semigroup is denoted by M* \ (M*)?

Example 3.1: Suppose {a,ab,aab,..}€ M7¥is a set of words generated by the binary
alphabet. The only indecomposable word is one-letter word in M*.

Remark 3.1: Every indecomposable word belongs to a generating set. For instance, the one
letter-word “@” is an indecomposable word in M*but it belongs to the generating set—the
binary alphabet. If A is a finite alphabet. By abstract definition of a free semigroup, M* is
free on Aif there is amap a:4A > M™

Lemma 3.1 [6]: For every semigroup S and every map ¢:A — S there exist a unique
morphism @: M* — S such that diagram commutesm
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Ao M*

=

Lemma 3.2: Let the diagram below be commutative. Then, M* is finitely generated.

T
Ao M*

-

Proof: Suppose a finite alphabet A is given by {a,,a,, ..., a,}. Let W = {w, wyw; wyw,, ...}
be words formed over A. Then, the homomorphism 7:A — M™defined by t(a) = a;b;
where i = {1,2,...,n} and j = {1,2,...,n} is an epimorphism since there exist a word (say) w
such that 7(a) = a;b; =w. Hence, since there is a morphism from A to M* we have
established that M* is free on A. By lemma (3.1), the diagram commutes. This implies that
every word formed over A is generated by the elements of A. and A is finite, thus M is
finitely generatedm

Lemma 3.3: Let M* and N* be finitely generated free semigroups, then the external direct
product (M@ N)* is finitely generated.

Proof: Let A and B be finite alphabet such that A and B generates M* and N *respectively.
Denote the external direct product of A and B by (A®B) = {(a,,b;), (a,,b,),...,(a,, b,)}
and let W, = {a,a, ...a,} and W, = {b,b, ... b,} be words formed over the alphabet A and B
such that the map @ from ADB to (M@ N)* is an epimorphism. That is, there exist
(W,,W,) € (M® N)*such that @(a,,b,) = (W;,W,) for all (a,,b,) € (A®B). Thus, for
every word say (W;,W,) € (M@® N)* is being generated by A®B. But AGB finite so
(M@ N)* is finitely generated free semigroup follows from the fact that @ is an
epimorphismm

Lemma 3.4: Consider two finite free semigroups say M* and N*. Given that (M@ N)™is
finitely generated then (M*)%? = M* M.

Proof: Assume that (M*)? = M*M*. Then let m € M* be an indecomposable element of
M*. So that for many pairs of word from (w,n) € (M@ N)* will be indecomposable in
(M@ N)*.Since every indecomposable element belong to every generating set. This
contradicts the assumption that (M@ N)™is finitely.

Having stated and proved some important lemmas, we can now state and prove the main
result of this section below:

Theorem 3.1: Consider the two free semigroups M* and N*. Then their external direct
products (M@ N)is finitely generated if and only if M* and N* are finitely generated and
with (M*)2 = M*M* and (N*)?2 = N*N*.

Proof: Let A and B be the finite generating sets for M* and N*respectively. Suppose M*and
N*are finitely generated, then it follows from lemma (3.3) above that
the extennal direct product (M*é@ N*) is finitely generated. From lemma (3.4) it follows
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that (M*)2 = M*M™* Therefore both of the free semigroups is finitely generated. Thus,
(M*)2=M*M*and (N*)2=N*N*

Conwversely, suppose M* and N* are finitely generated and (M*)%? = M*M* and (N*)% =
N*N*. We show that (M@ N)*is finitely generated. For (M@ N)*to have a finite generator,
it suffices to prove that there is an inclusion map @:(A®B) & (M@ N)* and a unique
epimorphism ¢: (M*@® N*) -» S®T where S and T are two semigroups such that @@ = 6
where 6: A®GB —» SOT.

Let (a,, b,),(a,,b;) € A®B.

Then, @(a,,b,)(a,,b,) = ®(a,a,,b,b,) = (a,a,, b;b,)=0(a,a,),d(b,b,)

= (a(al)@(az); Q(b1)®(b2) __________________________ (1)
since @ is a homomorphism.

Also, for arbitrary (w,,w,), (w;,w,) € (M@ N)*

Then, @(w;, w,)(ws, w,) = @(wyws), p(wyw,) = @ (W) (w;),o(w,) e(w,) —— ——(2)

Finally, for arbitrary (a,,b,),(a,,b,) € A®B.

6(ay, by)(ay b,) = 6(a,a,,b,b,) = (a,a,, byby)=6(a,a,),6(b,b,)

= 9(a1)6(a2): e(bl)e(bz) ______________________ (3)
But @¢: 6: A@B - S@®T=6: A®B - SOPT.

From eqn(3), we observed that @¢ and 6 preserved the same structure. Therefore, the
diagram commutes and the prove is madem

Definition 3.2: A free semigroup M*is said to have a full generating set A if every word
formed over A can be expressed as a product of two generators of A.
Example 3.2: Let A = {a, b} then M* = {aa, ab,bb, ...}

Proposition 3.1 [9]: A semigroup M has a full generating set A if and only if M is
decomposable. However, if M is finitely generated, then the generating set is finite m

Corollary 3.1: Let M*and N *be two decomposable free semigroups with full generating sets
A and B respectively. Then A®B is a full generating set for (M@ N)*Also if (M@ N)* is
finitely generated, then the individual factors M* and N* are finite.

Proof: Since A and B are full generating sets, it follows that every generator from A and B
are product of two generators from A and B. Hence we can write that A € A% and B € B?.
Algebraically, f A € A>and B € B> = A®B < (A®B)*

Hence, A®B is a full generating set. If (M@ N)*is finitely generated, from theorem (3.1) it
follows that the individual factors M* and N* are finitely generated. The result follows from
the fact that A and B are finitem

4 We have discussed generating sets for free semigroups in the previous section and
their properties. One can’t mention presentation without a generating set as presentations are
defined in terms of generating sets and defining relations. In this section, we state and prove
the necessary and sufficient condition for external direct products free semigroups to be
finitely presented.

Definition 4.1: let A be a nonempty set (Alphabet). A free semigroup presentation is an
ordered pair (A|R) where R € M* x M* and A is a generating symbol.
Note: An element of R (say) (u,v) € R is often written as (u=v)e fR.
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Remark 4.1: By a defining relation, we mean a relation in a free semigroup in which the
elements commutes

To be precise, if A ={a,,...,a,}and R ={u, =v,,..,u, = v,}.

We write (a, ..., a,,lu; = vy, ..., u, = v,) for (A|R).

Example 4.1: Suppose A = {a, b} and that M* = {ab,ba, ...}, then {(a, b |ab = ba) defines
the presentation for M™*.

Remark 4.2: Let w;,w, in M* be arbitrary. Then w, = w, if w; and w, are identical words
in M*. While w, = w, if both represent the same element in S. Let the two words w,, w, in
M*, w, is said to obtained from w, by one application of one relation if there exist «, 8 €
M* such that for each (u,v) € R ; w; = aup and w, =avp. If w,, and w, are identical words
we write w1 =w.. For instance in the free semigroup defined by the presentation
(a,blab = ba), we have that aba = a?b, but aba % a®b. We say that w, can be deduced
from w, if there exists a sequence w; =a,,@,.. a;_;,a, =w, of words from
M *such that a;,, is obtained froma;by one application of one relation from R. Thus,
w; =w, IS a consequence of R. Let S be a semigroup with a generator B. Consider onto map
¢ from the alphabet B to the semigroup S and its unique extension map ¢! from the free
semigroup M * to a semigroup S. The semigroup S is said to satisfy relations R on a
condition that for each u = v in R, we obtain that ¢(u) = @(v). Any semigroup defined by
a presentation (A|R) is M* /p, where p the smallest congruence on M* containingR. By the
smallest congruence on M™*, we mean the congruence for which M* is a free semigroup. That
is, Ap! such that p! c p. Generally speaking, a semigroup S is said to be defined by a
presentation (A|R) if S= MY /p.

Proposition 4.1 [11]: Let (A|R) be a presentation, let S be the semigroup defined by it, and
let w,,w, € M*. Then w; = w,in Sif and only if w, can be deduced from w, m

Proposition 4.2 [11]: Let S be a semigroup generated by a set A, and let ® € M* x M*.
Then (A|R) is a presentation for S if and only if S satisfies all the relations from R. Secondly,
if u,v € M*are any two words such that S satisfies the relation u = v, then, u = v is a
consequence of Rm

Remark 4.3: Suppose M* = (A,;+|R,,+) and N* = (By+|R y+) where A,,+ and B+ are the
generating sets while R,+ and R,+ are the defining relations. Then (M@ N)* =
(Ay+ UBy+|Ry+ URy+ UR,) where R, is the set of relations that each element of A+
commutes with B+ .The presentation for (M@ N)¥is given by (A@B|R) where A and B are
the generating sets for M and N respectively. The structure of (M@ N)* can be used to
construct the presentation for the external direct product of M* and N*

Definition 4.2: Let M* be a semigroup define by the presentation (4|R). The semigroup M™*
is said to be finitely presented if it is defined by a finite presentation, that is, if A and R are
finite.

Example 4.2: The class of finitely presented free semigroups include: all finite free
semigro ups.

Definition 4.3: Let B = (A|R) be a presentation and let M*be a semigroup defined by it.
Consider two arbitrary words w,,w, in M*. We say that the pair (w, w,) is called a critical
pair for the free semigroup M *with respect to the presentation B if the following conditions
are satisfied:
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1) w, and w, represent the same element in M*. That is, w, = w,

2) There existi(1>i>k) such that |a;| < min(|lw,]|,|w,|) for every elementary
sequence
W, = a,,Qa,, .., aq, = w, with respect to the given presentation.

Definition 4.4: Consider a free semigroup with its generator M* and A respectively. Then,
M* is said to be stable with respect to its generating set A if there exists a finite presentation
(A|R) that defines M*in terms of A with respect to which M* has no critical pairs.

We give below a very important property of a presentation in terms of a proposition.

Proposition 4.3 [10] let A = {a;:iel} and B = { b;:je/ } be two finite generating sets for the
free semigroup M*. Suppose M™ is stable with respect to its generating set A, it is as well
stable with B as its generating setm

Theorem 4.1: Let M* and N* be any two finite free semigroups. Then, (M@ N)Tis finitely
presented if and only if neither M* nor N* has indecomposable elements and both
semigroups have a finite presentation and are stable.

Proof: Suppose that (M@ N)*has a finite presentation, then we are certain that it also has a
finite generation. Therefore, following the logic in theorem (3.3) above, we see that
individual factors has a finite generation and has no indecomposable elements. The stability
of the two free semigroups M*and N* follows from the following proposition (4.4) while the
converse of the theorem (4.1) follows from proposition (4.5).

Proposition 4.4: Consider two decomposable free semigroups M* and N*.Let A = {a;:iel }
and B = {b;: jeJ} be full generating sets for M™ and N *respectively. Define B=(A@®B|R) a
finite presentation for (M@ N)*in terms of the generating set A®B. Let ,: (A®B)*—A4" be
a unique morphism extending the mapping (a;, b;)* = (a;)* (i€l, jeJ). The presentation
defined by S is given by © =(A|m, (R)). Suppose further M* has no critical pairs with
respect to the presentation © =(A|m,(R)), then M* is stable if (M*@® N*) is finitely
presented.

Proof: The fact that M*and N* have full generating sets A and B respectively, follows from
proposition (3.1) above that a semigroup M*has a full generating set if and only if (M*)% =
M*M™* . From corollary (3.1) we established that A@B generates (M@ N)*

Suppose (M@ N)*is finitely presented, the individual factors M* and N* are finitely
generated follows from lemma (3.3) and A and B are finite.

The finite presentation (A@B|R) defines the external direct product of the two free
semigroups (M*é@ N*), in terms of its generating set.

We prove further that © =(A|m, (R)) is a presentation that defines M™. It suffices to show
that M* satisfies all the relations in R and further we prove that every relation in M* is a
consequence of D.

Let ¢: (ADB)*— (M@ N)™ denote a unique morphism that extends the map

A®B —» (M® N)*.Furthermore, let @, +:A* > M*extending A-> M* and let
T, +((M@® N)*—M*be a natural projection

Since m,(R) is a defining relation, and for (u = v) € m,(R) we see that m,(w) and m,(v)
represent the same element in M*

,thatis,m,(w) = r,®) - - - - - - - =" " =" —"—"—"—-"—-"—-"—"— -~ — — — —— — — (a).

Applying &+ to the relation, in (a) above, we obtain:
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D+ Ty (U)= Pyt Pu)= P+ Pv)= Py+ 1, (V) as required.
Next we show that for arbitrary two words w,,w, € A* | Then,w, = w,, if they represent
the same element in M*and it is a consequence of .
Consider two word w, and w,words and their equivalence written as;
Wy =aq;a; ..q;  and w, = ay ay, .. a .

lm n

Then, there exist bj1 bjm' bl1 bzn in B such

(ail, bjl)(aiz, b]z) (alm,b]m) = (akl, bll)(akz, blz) (akn, bln) _____ (1)
is avalid equation in (M@ N)*since (a; , b, ) can generate (M@ N)*
Assume n=m,letb; ..b; be arbitrary. Since A®B is a full generating set for
(M@ N)*such that

(a;,, bj)(a;, b;)..(a; ,b; ) is equal to (M@ N)*with a word of length n
(ail, bjl)(aiz, b]2) (alm,b]m) = (a,lcl, bll)(a,]éz, blz) (a,lcn, bln) ________ (2)
In the semigroup M* the following equation is true.

A, A, g, = @y Ay n @y E Wy =Wy = Qg Qg O
It follows that in (M@ N)* we obtain,

(a’]él, bll)(a}(z, blz) e (a,jén, bln) = (akl, bll)(akz, blz) ...(akn, bln) ______ (3)

The combination of eqn(2) and eqn(3) yield the result below:

(ai,, b )(ai, b;) ... (a; ,b; )= (ay,, b )(ay,, b,) .. (ay,, b, ) which is eqn(1)

tm’ “Jm

and is valid in (M@ N)* and the claim is satisfied.
Let Wy = (ail, bj1)(ai2’ bjz)...(a- b, ) andw, = (akl, bll)(akz, b,z) ...(akn, bzn)

tm’ “Im
represent the left and right side of eqn(1).
Since w; = w, must be valid in (M@ N)*and B a presentation for (M@ N)* there

exist an elementary sequence

n

Wy Sy, Bpy e @y =E Wy ——— —— —— —— —— —— —— —— —— — — — — 4)
with respect to B.
Then,
wy = my(w3) Emy(ay)m(ay), .., mylay) = mw,) =Ew,—————————— (5)

is an elementary sequence with respect to D, such that for each i (1 <i <k — 1) either a; =
@;,, Ora;,, is obtained from «; by one application of one relation from ma(R).
Then,
m,(a;) = m,(a;,,). Where a; = fuy and a;,,=Pvy with (u =v) eRand B,y € (M@ N)*
We certainly have,

my(a;) = my(B)my (w) my(y),
Ty (Qiy1) = Tu(B), (V) TA(Y), and (ma(U)= ma(V))EmA(R),
Therefore,w, = w, is a consequence of D as required.
Next, assume M* is infinite, and then we show that M* has not critical pairs with respect to
D.
This can be achieved if we show that the elementary sequence in (5) contains no term shorter
than min (Jlw,|, [w,]). Since bj1 ...bjmhas been arbitrary chosen in the proof that D is a
presentation for M+,
Let the word wy = b; ...b; is not equal in N™ to a shorter word and since N is infinite, this
can be done for any m.
Let wg, = by ..b, and let my. (A®B)* - B* be the unique morphism extending the
mapping
(a;, b)) » b; (iel,jef). By applying 7y to the elementary sequence in (4), the following
relation is obtained:
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ws = mg(a,) = mp(a,) = .= mp(a,) = w, Which holds in N*. Making a choice for a
word ws we have |mz(a)|= [wsl =m (1< 1 <p).

Conversely we obtain that 7 (a,)=|la,| = m,(a;) = (1 <1 <p)so that

I, ()| = m = min(lw,|, [w,).

Therefore, (w,,w,) € A™ is not a critical and their property (2) are satisfied.

The converse of theorem (4.1) follows from the following proposition.

Proposition 4.5 [9]: Let M and N be decomposable and stable semigroups. Let A = {a;:i €
I} and B = {b;:j € J} be finite and as well, full generating sets for M and Nrespectively.
Define uniform presentation for M and Nrespectively with respect to which M and N have no
critical pairs as:

D = (B|b; = be(jbe;,@ G €)))
Suppose ¢ denotes the decomposition mapping, then the external direct product (M x N) is
defined by the following presentations.

=(AXBlf(u,a) =¢v,a))———————————————— —— —— (1
=(AXBIEBuy ) =B 1)) ————————————————— —— — 2)
iR (4% BJ¢(a;, @, 2,7 ) = $(00a,) Bpap @i, ¥ )) = == == == == (3)
<A X BJE (8,by,by, boy,)) = €G3 bogypbogy, jz)> —————————— )
(A X Bl(al' J) - (a<p(l)' Q‘(]))(a'd)(l)’ @(1))) _____________ (5)

(A x BI((u1 =) ER a € NT; |uy| = lal; (u, = v,) € Q; B € M™; |u,| = B1;)
ini,€LYENT Iyl =35 j1,j, € ;6 EM%;|8l =3;i€l,jE].
Particularly,M x N is finitely presentedm

Thus, we deduced the following facts.

(@) M™* is finitely generated if A is chosen to be finite

(b) M* is finitely presented if the generating set A and the defining relation R can be
chosen to be finite,

(c) Every indecomposable word belongs to a generating set.

(d) Not every finitely generated free semigroup is finitely presented e.g
(a,blabla = aba (i=1,2,3,...)

(e) A finitely generated free semigroup # finitely presented.

(f) (M*) %+ M= (M&® N)™is not finitely generated
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